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1. Introduction

An n x n matrix A consisting of nonnegative integers is a general magic square of order n if the sum of elements in each
row, column, and main diagonal is the same. The sum is the magic number. A general magic square A of order n is a magic
square, denoted by MS(n), if the entries of A are distinct. A magic square A of order n is normal if the entries of A are n?
consecutive integers. Usually, the entry in position (i, j) of a matrix A is denoted by a; ;.

Magic squares have been studied for 4000 years. The Loh-Shu magic square is the oldest known magic square; its
invention is attributed to Fuh-Hic, the mythical founder of Chinese civilization [4]. A lot of work has been done on
construction of magic squares; for more details, the interested reader may refer to [1,3-6,8,11], and the references therein.

Magic rectangles are a natural generalization of magic squares. An m x n general magic rectangle is an m x n array
consisting of natural numbers such that each row sum is the same and each column sum is the same (the two constants
differ if m # n). An m x n general magic rectangle is a magic rectangle if its mn entries are distinct. An m x n magic rectangle
A is normal if the entries of A are mn consecutive integers. Harmuth [9,10] proved the following.

Lemma 1.1. For m, n > 1, there exists a normal m x n magic rectangle if and only if m = n(mod 2) and (m, n) # (2, 2).

Given a matrix A and a positive integer d. Let A** denote the matrix obtained by raising each element of A to the dth
power. The matrix A is a d-multimagic square, denoted by MS(n, d), if A*¢ is an MS(n) for 1 < e < d. Clearly, if A is normal,
then A*¢ cannot be normal for all positive integers e > 2. When d = 2, an MS(n, 2) is a bimagic square. An m x n (general)
d-multimagic rectangle can be defined in a similar way.

It was shown by Lucas [14] that there is no MS(3, 2) and no normal MS(4, 2). The first normal bimagic square was
published by Pfeffermann in 1891: it has order 8 [15,5]. The following can be found in [5].

Lemma 1.2. There exists a normal MS(n, 2) for 8 < n < 64 and there is no normal MS(n, 2) for n = 3, 4.

Recently, Derksen et al. [8] have provided a constructive procedure to make a large class of d-multimagic squares for
each positive integer d > 2. For example, they proved the following.
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Lemma 1.3. There exists a normal MS(n?, 2) for all odd n > 3.

A magic square is pandiagonal if the sum of elements in each broken diagonal is the magic number. A family of normal
pandiagonal bimagic squares was given in [7,12]. In this paper, we shall provide a new construction of bimagic squares by
means of a magic pair of orthogonal general bimagic squares. As its application, the following results are obtained.

Theorem 1.4. There exists a normal MS(mn, 2) for all positive integers m, n such that m,n ¢ {2, 3, 6} and m = n (mod 2).

Theorem 1.5. There exists a normal MS(4m, 2) if and only if m > 2.
2. Construction of a normal MS(n, 2)

An n x n matrix A with entries in a set T is a balanced square if each element of T appears n times in A. Two balanced
squares A and B of order n over T; and T, are orthogonal if {(a;;, b;;)|0 < i,j < n — 1} = T; x T;. Given squares A and B,
let A x B denote the “pointwise product”, with a; ;b; j in position (i, j). Squares A and B form a magic pair if A * B is a general
magic square.

Let I, be the set of nonnegative integers less thann,ie., I, ={0,1,...,n— 1}

Construction 2.1. Given n x n matrices A and B over I, let C = nA + B. Then the matrix C satisfies the following.

(i) Cis anormal MS(n) if A and B are a pair of orthogonal general MS(n).
(ii) C is a normal MS(n, 2) if A and B are a magic pair of orthogonal general MS(n, 2).

Proof. (i) Since A and B are orthogonal, we have

{(aij, bipl0 <i,j<n—1} =1 X I,
which indicates that

{cijl0 <i,j<n—1}={nagj;+bj;|0 <i,j <n—1} =Ip.

By hypothesis, A and B are both general magic squares. Suppose that S, and S are the magic sum of A and B, respectively.

We have
n—1
Y (naij+bij) =nSp+Sp, 0<j<n-—1,
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Thus C is a normal MS(n).
(ii) Since A and B are a magic pair of orthogonal general MS(n, 2) over I,,, by (i) C is a normal MS(n). Let D = A % B, and
let Sps2, S« and Sp be the magic sums of A*2, B*2, and D, respectively. For i € I, we have

n—1 n—1 n—1
Y =) (nay+bij)> = (0@} + 2naijbij + bY) = n*Spa + 2nSp + Spa.
j=0 j=0 j=0

For j € I,, we have

n—1 n—1 n—1
c,-ZJ = (na;; + b,;j)2 = Z(nzaﬁj + 2na; jb;j + b,-ZJ) = TlZSA*z + 2nSp + Spe2.
i=0 i=0 i=0
n—1 n—1 n—1
Z cfi = (na;; + b,;,')2 = Z(nzaﬁi + 2na; ib; i + bii) = nzsA*z + 2nSp + Sz
i=0 i=0 i=0
n—1 n—1 n—1
Goa = Z(nai,n—l—i + bip_1-)* = Z(nza,-z,n,l,f +2na;y—1-ibin—1-i + b,-Z,n,H-)
i=0 i=0 i=0

= n®Sy2 + 2nSp + Spe.
Thus, C is a normal MS(n, 2). The proof is complete. O
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3. Proof of Theorem 1.4

By Construction 2.1, to obtain a normal MS(mn), it suffices to find a magic pair of orthogonal general MS(mn, 2) over I .
In this section, we shall construct a magic pair of orthogonal general MS(mn, 2) over I,;;, by means of orthogonal diagonal
latin squares and rectangles.

A latin square of order n, denoted by LS(n), is an n x n array over an n-set S such that each element in S occurs exactly
once in each row and exactly once in each column. A transversal in a latin square of order n is a set of n cells, one from each
row and column, containing each of n elements exactly once. A latin square of order n is diagonal if its two main diagonals
are both transversals. The following can be found in [2].

Lemma 3.1. There exists a pair of orthogonal diagonal LS(n) if and only if n # 2, 3, 6.

It is easy to see that a latin square must be balanced and that any diagonal latin square is also a general bimagic square.
Therefore, a magic pair of orthogonal diagonal LS(n) is a magic pair of orthogonal general MS(n, 2). Thus, by Construction 2.1
we have the following corollary, which can also be found in [16].

Corollary 3.2. If there exists a magic pair of orthogonal diagonal LS(n) over I, then there exists a normal MS(n, 2).

By Corollary 3.2, to construct a normal MS(n, 2), it suffices to find a magic pair of orthogonal diagonal LS(n). Modifying
the proof of Lemma 2.1 in [13], we have the following.

Lemma 3.3. There exists a magic pair of orthogonal diagonal LS(mn) for all positive integers m, n such that m, n & {2, 3, 6} and
m = n (mod 2).

Proof. By Lemma 3.1, we can suppose that A and B are orthogonal diagonal LS(m) over I,;;, C and D are orthogonal diagonal
LS(n) over I,. Clearly, the sum of the elements in each row, column, and main diagonal of A is m(m — 1)/2, and the sum of
the elements in each row, column and main diagonal of C isn(n — 1)/2.

By Lemma 1.1, we can suppose that H is an m x n magic rectangle over I,;,. Let S, and S, be the row sum and the column
sum of H, respectively. It is easy to calculate that

Sr:lzhzw, sczlzh:w‘

helmn 2 n helmn 2
Let
E=(eij), F=(ip,
where
€ij=Quy+MCyr,  fij=Hhp,,do.»
i=u+sm, j=v+tm, 0<u, v<m-—1, 0<s, t<n-—1.

By the proof of Lemma 2.1 in [13], E and F are a pair of orthogonal diagonal LS(mn) over I;,;,. We now prove that E and F
are also a magic pair.
Foreachi € I, wecanwritei=u+sm, 0<u<m-1,0<s<n-—1.

Z eifij = Z Z (@up + mese)hy, , d,

0<j<mn—1 0<v<m—10<t<n—1

Z Qu,v Z hp, a5, + M Z Cst Z hp, y.ds ¢

0<v<m-—1 0<t<n—-1 0<t<n-1 0<v<m-—1
Z ay Sy +m Z Cs,tSc
0<v<m-—1 0<t<n-—1
m(m— 1) n(mn — 1) mn(n —1)ym(@mn—1)
2 2 2 2
mn(mn — 1)?
—
noting that {d; (|0 <t <n — 1} = I, for givens € I, and {b, ,|0 < v < m — 1} = I,; for given u € I,.
Similarly, one can prove that for eachj € Iy,

mn(mn — 1)?
Z eijfij= ——,

0<i<mn—1 4

)
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and

12
T ey = M=

0<i<mn-—1 4
mn(mn — 1)?
E ei,mnflfifi.mnflfi = 4 .
0<i<mn-—1

Thus, E and F are a magic pair of orthogonal diagonal LS(mn). O

The proof of Theorem 1.4 now follows by combining Lemma 3.3 and Corollary 3.2.

4. Proof of Theorem 1.5

Let p and q be two positive integers such that p, g & {1, 3}. By Theorem 1.4, there exists a normal MS(4pq, 2), which
gives a partial result on the existence of normal bimagic squares of order 4m.

In this section, we shall show that a normal MS(4m, 2) exists for all positive integers m ¢ {1, 3}. By Construction 2.1,
to obtain a MS(4m, 2), we need only to construct a magic pair of orthogonal general MS(4m, 2). To do this, we will take
advantage of idempotent self-orthogonal latin squares and magic rectangles.

Alatin square X of order n over I, is idempotent if x; ; = i foralli € I,,. A latin square X is self-orthogonal if it is orthogonal
to its transpose X' . The following can be found in [2].

Lemma 4.1. There exists an idempotent self-orthogonal LS(n) for all positive integers n # 2, 3, 6.

Let m be a positive integer such that m ¢ {1, 3}, and let n = 2m. By Lemmas 4.1 and 1.1, we may assume that X is an
idempotent self-orthogonal latin square of order n over I, and that H is a 2 x n magic rectangle over I,, with rows and
columns labeled with I; and I,,. Let S, and S, be the row sum and the column sum of H, respectively. The following is clear.

n—1
Y hij=n@n-1)/2=S, i=01 (1)
j=0
ho,]-—f—hu:Zn—l:SC, j:O,l,...,n—l (2)

from which we compute

n—1 n—1 n—1 n—1
Z hg, — Zh%,j = Z(ho,j +hij)(hoj — h1j) = Zsc(ho,j —h1j)
=0 =0

j=0 =0
n—1 n—1
=0 =0
That is
n—1 n—1
>on;=>"h;=n@n—1@n—1)/6=52. 3)
j=0 j=0

It follows that

n—1 n—1 n—1 n—1
D hojhij =) hoj(Sc —ho)) =S Y hoj— » h3; =SS —S. (4)
j=0 j=0 j=0 j=0
Letting T, = {h ;|0 <j < n— 1} fork € {0, 1}, we define n x n matrices A, and By as follows.
Ac=@@), af =hy, 0<ij<n-—1
W w0 _ JM—kx+1, ifx; =0 (mod 2),
Be=b;j). bij = {hl_k,x]..l._l, ifx,; = 1(mod 2).
Clearly, Ay and By are two latin squares over Ty and T;_i, respectively. It is not difficult to show that A, and By are

orthogonal for k, k' € {0, 1}. In fact, if there exist iy, ji, i, j» € I, such that (af{‘?h , bi(f.j)1) = (afz"?jz, bff;z), then we have
(k) _ a(k) (5)

gy = Gy
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and

p®) _ p) (6)

11.J1 2.J2°
From (5), we have hk-xi],j] = hk-,xz'z,jz ,and hence x;, j, = X;, j,. From (6), we can show thatx;, ;, —x;, ;, = 0 (mod 2). Otherwise,
we have h1,k/,xj1j1 41 = hl,k/,szviﬁ]. It follows thatx;, i, £1 = x;, ;, F 1, hence, x;, i, —X;, i, = 0 (mod 2), a contradiction. So
we have hl*k’vxj],il +1 = h1,kng2_i2i1, which implies x;, ;, = xj, ;,. Note that X is an idempotent self-orthogonal latin square,
we have i; = iy, j1 = j», which indicates that A, and By are orthogonal.
Construct two 2n x 2n matrices A and B as follows,

_ (A0 Ao _(Bo B
A_<A1 A1>’ _<Bo Bl)' )

Then we have the following.
Lemma 4.2. If A and B are defined as in (7), then we have the following.

(i) A and B are a pair of orthogonal 2n x 2n general bimagic rectangles over I,,.
(ii) D = (a;;b;;) is a 2n x 2n general rectangle over I,,.

Proof. (i) Clearly, To U T; = I,. Since A, and By are orthogonal for all k, k' € {0, 1} from the above discussion, we have

(@ibplosij<an—1y= [J (@ p{0<ij<n-1)

1, °71,)
k.k'€{0,1}
= U TxTiw)=byx b
k,k €{0,1}

So, A and B are orthogonal over I,,,.
LetSr(l) =S, =n(2n—-1)/2, S(Z) =n(2n—1)(4n—1)/6.Foreachi € I,,, we can writei = kn+s, wherek € {0, 1}, s € I,..
By (1) and (3), for e € {1, 2}, we have

2n—1

—1
Z ;=2 Z(a(k)) =2 Z h . =252
j=0

For eachj € I, we can write j = k'n + t, where k' € {0, 1}, t € I,. We have

2n—1

> = Z(a(‘”)" + Z(a“) Zho - Z n,, =25
i=0

Thus, A is a 2n x 2n general bimagic rectangle over I,,,. Similarly, one can prove that B is also a 2n x 2n bimagic rectangle
over by, the sum of elements in each row or column of B*¢ is also 25\ for e € {1,2}.
(ii) For eachi € I, we can write i = kn + s, where k € {0, 1}, s € I,,. We have

2n—1

n—1 n—1
(k) 1,(0) (k) 1, (1)
Zau ij = Zasjbsj +Z“$1b51
=0
n—1
k) 1.0 1 3
Za( ‘0% + b)) =" a¥s. =s.s..
=0

For eachj € I, we can also write j = k'n + t, where k' € {0, 1}, t € I,,. We have

2n—1

n—1
(0) p (K) a (9]
Zall U_Zalfbl[ +Z 1tbzt
0 1 k K
- Z(a( ) 4 a)b) Zscb(i) =S,

Thus, D is a 2n x 2n general rectangle over I5,. The proof is complete. O

One may hope that A and B are a magic pair of orthogonal general MS(2n, 2) over ;. Unfortunately, the constructions
given above cannot guarantee this property. To see this, we give an example.
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Example 4.3. Letm =2, n =4,

06 5 3
H:<7124>’ X =

- W N o
NO =W
OoON W
w = ON

It is easy to see that H is a 2 x 4 magic rectangle over Ig, S, = 14,S. =7, Sr(z) = 70 and X is an idempotent self-orthogonal
LS(4) over I4. By the above constructions, we have

0 3 6 5 7 4 1 2

5 6 3 0 2 1 4 7
=13 05 6| H“=|a 7 2 1]

6 5 0 3 1 2 7 4

1 4 2 7 6 3 50

2 7 1 4 5 0 6 3
Bo=17 2 4 1| B=lo0 5 3 6]|"

4 1 7 2 36 05

0 3650 36 5

5 6 3 056 30

3056 305 6

A:<A0A0>:65036503
A A 7 412 7 41 2}

2 1 4 7 2 1 4 7

4 7 21 4 7 2 1

12 7 412 7 4

142 7 6 350

2 71 450 6 3

7 2 4105 3 6

B_(BOB1> 417 2 36 05

=\B, B/ |1 4 2 7 6 3 5 0

2 71450 6 3

7 2 4105 3 6

4 17 2 3 6 0 5

By Lemma 4.2, A and B are a pair of orthogonal 8 x 8 general bimagic rectangles over Ig, but not a magic pair. In fact, for
D= (d,_,) = (aiﬂjb,-‘j), we have

7

7 7 7
Zdi,i = » a;;b;; =136, Zdij—i = Zaij—ibij—i = 60.
i=0 i=0 i=0 i=0

However, we can obtain a magic pair of orthogonal general MS(2n, 2) over I, from A and B by doing some column and
row permutations to A and B together according to the following three steps.

Suppose that A and B are defined as in (7). Let 71y = (n,2n — )(n + 1,2n — 2)---(n + ”%2, n+ g) and m, =
1,2n—2)(3,2n —4) - -- (n — 1, n) be two permutations on I,.

Step 1. Do the column permutation r; to A and B to get E and F, respectively,

_ (B E _(h B
E= (53 E4>’ F= <F3 F, )
_ (o) _ (£ _ ..
where E, = (eiqj ), F, = iy ), k=1,2,3,4,and fori,j € I,
ROV

2 _ 0 3 _ (1)
ij = Gij> el-,j e a

@ _ (D
=0ip_1-j> i.j i €;j

= =0in_1-

and

(1 _ 10 @ _ () B _ L0 @ _ ()
o biJ ’ ij = bi.,nflfj’ i = bi,j ’ i = bi,nqﬂw

Step 2. Do the row permutation r; to E and F to get M and N, respectively,

_ M] Mz _ Nl N2
me G )= (o R
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where M = (m( )) Ny = (n(k)) k=1,2,3,4.Fori,j €I,

(1) (1) (0) (2) (2) (0)

11 - Ij - z] ’ u - 1] - 1 n—1—j’

(3) (3) (1) (4) (4) )]

] - en 1- z] n 1—-i,j° 1] - en—]—i,j - an—]—iﬁn—l—j’

and

(1) (1) (0) (2) (2) (1)
f _bu’ nj = _bln 1—j°

(3) (3) (0) (4) (4) (€Y}
fnll]_bnlzj’ fn]lj_bnlln 1-j*

Step 3. Do the column permutation 7, to M and N to get U and V, respectively,

U_U1U2 (1 W
=\u; u,) =\v, v}

where Uy = (u,J)) Vi = (v(k)) k=1,2,3,4.Fori,j €I,

1 .
L fj’, j=0(mod2)
Y = 1@ j=1(mod2) 4
in-1-j» J=
1 .
(2) _ m;zn)ilij, 1= 0 (mOd 2) _ fo) .
T M, j=1(moed2) T
3 .
(3) _ m;j), 1= 0 (mOd 2) _ a(]) 3
tij m1§,4n)—]7jv j=1(mod2) " 174’

@ = mfn)_l_j» j=0(mod2)

Ui m}j), j=1(mod 2) = Y—1-in—1-j»
and
Lo j=0(mod2) _ b7, j=0(mod2)
o n . j=1(mod2) — |b}, j=1(mod2),
1 - d2 b(o) i=0 d2
@ = Min-1- 1= 0 (mod 2) — JVin—1-j j=0(mod 2),
Vi n?, j=1(mod2) — |b i J=1(mod 2),
O n, j=0(mod2) _ |b2 ;. j=0(mod2),
Ui iy . j=1(mod2)  |b” ., j=1(mod?2),
S Mo i j=0(mod2) _ |bY ., . j=0(mod2),
T e® j=1mod2) T b0, . j=1(mod2).

We have the following.

3083

Lemma 4.4. If Aand B are defined as in (7), then U and V listed above are a magic pair of orthogonal general MS(2n, 2) over I,.

Proof. Since U and V are obtained from A and B under the same row or column permutations, by Lemma 4.2, U and V are
also a pair of orthogonal 2n x 2n general bimagic rectangles over I,,, the sum of elements in each row or column of U*¢ and
V*is ZSﬁe), e = 1, 2. By the same reason, U * V is a 2n x 2n general magic rectangle, the sum of elements in each row or
column of U * V is S,S..

Fore = 1, 2, we have

S
Il

e Z(u“))e+2(u“” —Z(a(‘”) +Z(af,”1 1)

— S(e) +S(9) — 25(9)
r r
2n—1
2 3 0 1
> i1 = Z(Uf,f - .)Q+Z(Ufr3 - —Z(a( ))Q+Z<a£)1 in1-1)
i=0
= s§e> +5© = 255"’).

Thus, U is a general bimagic square. Similarly, one can show that V is also a general bimagic square.
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On the other hand,

2n—1

n—1 n—1
e 4 (@
Z Ui ivii = Zug,i)v1Si) + Z ui(,i Vii
i=0 i=0 i=0
_ (0)1,(0) 0) (1) 1 )
= Z a;;b;; + Z a;b;; + Z An g in—1—iPno1—in—1-i

0<i<n—1 0<i<n—1 0<i<n-—1
i=0 (mod 2) i=1 (mod 2) i=0 (mod 2)
E : (1 (1)
+ anflfi,nflfibnflfi,nflfi
0<i<n—1
i=1 (mod 2)
_ (0) 1, (0) (0) (1) (1)1 (0) (D (1)
= § ;o a b+ E . b+ § a;; by + 2 a;; bii- ()
0<i<n-—1 0<i<n-—1 0<i<n—1 0<i<n—1
i=0 (mod 2) i=1 (mod 2) i=1 (mod 2) i=0 (mod 2)

Noting that for each i € I, x;; = i. By the definition of A, and By, we have

w0 _ ® _ Jhi—kip1, ifi=0(mod2),
Gij =i b= {hlk,,-l, ifi=1(mod2), K=OT

(%) becomes

2n—1

E Ui v = E hoihy1iv1 + E ho ihoi—1 + E hyihyiog + E hy,iho it
i=0 0<i<n—-1 0<i<n—1 0<i<n—-1 0<i<n—1
i=0 (mod 2) i=1 (mod 2) i=1 (mod 2) i=0 (mod 2)
= E ho,ihq,i41 + E ho,ix1ho,i + E hyiyahy; + E hy,iho,ix1
O<i<n—1 0<i<n—1 0<i<n—1 0<i<n—1
i=0 (mod 2) i=0 (mod 2) i=0 (mod 2) i=0 (mod 2)
= E (ho,i + hy,i)(hyiz1 + hojigz1)
0<i<n-—1
i=0 (mod 2)
n
= § o Si= E(2n —1)? =§,S..
0<i<n-—1
i=0 (mod 2)

In a similar way, one can readily check that

2n—1

E Ui 2n—1-iVi2n—1—i = SrSc.
i=0

Thus, U and V are a magic pair of orthogonal general MS(2n, 2) over I,. The proof is complete. O

We are now in a position to give the proof of Theorem 1.5. Let X = 2nU + V, then X is a normal MS(2n, 2) by
Construction 2.1 and Lemma 4.4, where n = 2m, m ¢ {1, 3}. Combining with Lemma 1.2, the proof of Theorem 1.5 is
obtained. O

To illustrate the above constructions, we provide an example below.

Example 4.5. Let m = 2, n = 4. Let A and B be the same as in Example 4.3, i.e.,

0 3 65 0 3 6 5 1 4 2 7 6 3 5 0
56 3 05 6 3 0 27 1 4 5 0 6 3
3 05 6 3 05 6 7 2 4 1 0 5 3 6
A= 6 5 0 3 6 5 0 3 B— 4 17 2 3 6 0 5
7 41 2 7 4 1 2| 1 4 2 7 6 3 5 0
21 47 2 1 47 27 1 45 0 6 3
4 7 2 1 4 7 2 1 7 2 4 1 0 5 3 6
1 27 4 1 2 7 4 4 17 2 3 6 0 5

Let 71 = (4, 7)(5, 6) and m, = (1, 6)(3, 4) be two permutations on Ig.
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Step 1. Do the column permutation 77 to A and B to get E and F, respectively,

0 36556 30 1 4 2 7 05 3 6

5 6 3 00 3 6 5 2 7 1 4 3 6 05

3 056 6 5 0 3 7 2 41 6 3 50

E— 6 5 0 3 3 05 6 Fo 4 17 2 5 0 6 3

17 4 1 2 2 1 4 7| — 11 4 2 7 05 3 6

2 1 4 7 7 4 1 2 2 7 1 4 3 6 05

4 7 2 1 1 2 7 4 7 2 4 1 6 3 5 0

12 7 4 4 7 2 1 4 17 2 5 0 6 3

Step 2. Do the row permutation 771 to E and F to get M and N, respectively,
0 36 556 30 1 4 2 7 05 3 6
56 3 00 3 6 5 2 7 1 4 3 6 05
3 05 6 6 5 0 3 7 2 416 350
M= 6 50 3 3 0 5 6 N = 4 17 2 5 0 6 3
11 2 7 4 4 7 2 1| ~14 1 7 2 5 0 6 3
4 7 2 1 1 2 7 4 7 2 41 6 350
21 4 7 7 4 1 2 2 7 1 4 3 6 0 5
7 4 1 2 2 1 4 7 1 4 2 7 05 3 6
Step 3. Do the column permutation 7, to M and N to get U and V, respectively,

0 3 6 5 56 30 1 3 2 0 7 5 46

5 6 3 00 3 6 5 2 01 3 46 75
3 05 6 6 5 0 3 7 546 1 3 2 0

U= 6 5 0 3 3 05 6 V= 4 6 75 2 0 1 3
11 2 7 4 4 7 2 1| ~— 14 6 7 5 2 0 1 3
4 7 2 1 1 2 7 4 7 546 1 3 20

2 1 4 7 7 4 1 2 2 01 3 46 75
7 4 1 2 2 1 4 7 1 3 2 0 7 5 4 6

oo

Then by Lemma 4.4, U and V are a magic pair of orthogonal general MS(8, 2) over Ig. It is not difficult to calculate

7
D Ui =0-1+6-0+5-4+3-54+4-242-34+1-747-6=98,
i=0

7
D Uiy i i=06+6-74+534+3-24+4-5+2-4+1-0+7-1=098.
i=0

Remark. It is readily checked that for integer m ¢ {1, 3}, the normal MS(4m, 2)X obtained from the proof of Theorem 1.5
having the following properties:

M) Y Xy = = (4m+1)S,, 0 <j<4m — 1,

i=2m

() 3 ogeany Xij = 2 ogeany Xij = (4m+ DS,
(D) Xii + Xam—1—i,am—1—i = Xi,am—1—i + Xam—1-i,i = (4m + 1)S,

where S, = m(4m — 1) and S, = 4m — 1.

We should point out that a normal MS(4m, 2) having the properties (I)-(III) will be useful in constructing sparse bimagic
squares, which will be described in our next paper.
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